SEMIGROUPS OF DISTRIBUTIONS WITH LINEAR JACOBI PARAMETERS 
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Abstract. We show that a convolution semigroup {/if} of measures has Jacobi parameters poly- 
nomial in the convolution parameter t if and only if the measures come from the Meixner class. 
Moreover, we prove the parallel result, in a more explicit way, for the free convolution and the free 
Meixner class. We then construct the class of measures satisfying the same property for the two-state 
free convolution. This class of two-state free convolution semigroups has not been considered ex- 
plicitly before. We show that it also has Meixner-type properties. Specifically, it contains the analogs 
of the normal, Poisson, and binomial distributions, has a Laha-Lukacs-type characterization, and is 
related to the q = case of quadratic harnesses. 



1. Introduction. 



Any probability measure /i on the real line, all of whose moments are finite, has associated to it two 
sequences of Jacobi parameters 7^}: for example, /i is the spectral measure of the tridiagonal 
matrix 



We will denote this fact by 
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with /3„(/i) := (3n, ln{lj) '■= In- Thcsc parameters are related to the moments of the measure via 
the Viennot-Flajolet HFlaSOl rVie84J and Accardi-Bozejko [AB981 formulas. On the other hand, in 
probability theory and other applications, measures frequently come in time-dependent convolution 
semigroups. In general, the time dependence of the Jacobi parameters is complicated (they are 
rational functions of t). However, for the Gaussian convolution semigroup 

, . 1 



the Jacobi parameters are simply 



Pn{t) = 0, 7„(t) = {n + 
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while for the Poisson convolution semigroup 

00 ^ 

fc=0 

they are 

/3,(t) = n + t, 7„(t) = (n + l)l 

So it is natural to ask, what are all the measures whose Jacobi parameters are linear (in the calculus 
sense, that is, affine) functions of the convolution parameter? A seemingly more general question is 
to describe all collections {q;„, 7„, a„, 6„, c„} such that the spectral measures {fit} of tridiagonal 
matrices 



(1) 



form a convolution semigroup. In this paper we provide the answer: such measures form precisely 
the Meixner class [Mei34J. Thus we add a new, more dynamical description to already numerous 
known characterizations of this class. In particular, far from being infinite dimensional, this family 
of measures is described by only four parameters. For more on the Meixner class, see the proba- 
bilistic characterizations in ['LL60', 'Wes931, its role in statistics (where it is known under the name 
of quadratic exponential families) [iMor82.,Mor83>.DKSC08il . and a more combinatorial description 
llKZOTH . 

The reason convolution semigroups appear in probability theory is that if {X(t)} is a process with 
stationary independent increments, and fxt is the distribution of X{t), then {fit} form a convolu- 
tion semigroup. In non-commutative probability theories, one encounters other notions of inde- 
pendence, and correspondingly other convolution operations based on them. In many ways, these 
operations are more complicated than the usual convolution; notably, the usual operation is distribu- 
tive, 

/i * (z/i + Z/2) = /i * Z/i + /i * Z/2 

while the other ones are not. Nevertheless, in other ways they appear to be simpler. The combinato- 
rial theory of such convolutions is typically based on an appropriate sequence of cumulants which 
linearize it; for example, the classical cumulants r* (/i) defined via 



E 



n=l 



-<(/!) = log / e''^dfi{x 



have the property that 
(2) 

In particular, r*{ii*^) = 



t ■ r*(fi): cumulants are always proportional to the convolution parameter 



t. While, as pointed out above, there is a nice relation between Jacobi parameters and moments, 
as well as a relation between cumulants and moments (see Section |2.3| ), we are not aware of a 
simple relation between Jacobi parameters and cumulants. However, in [|Mlo09aL the second author 
found a formula relating Jacobi parameters and free cumulants, which linearize the free convolution 
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[INS06II . This allows us to provide a constructive proof that Jacobi parameters are linear in the free 
convolution parameter if and only if the measure belongs to the free Meixner class considered in 
HSYOli lAns03, BB06 | and numerous other sources. We then give a simple but indirect argument 
which provides the corresponding characterization for the Meixner class. Another consequence of 
the analysis is that there are no measures whose Jacobi parameters are polynomial functions of the 
free convolution parameter of degree greater than one, so the spectral measures of matrices from 
equation Q are no more general. 

Yet another convolution operation was introduced in nBLS96ll in relation to what the authors called 
"conditionally free probability", but is better called two-state free probability theory. As the name 
indicates, this is a convolution operation fflc on pairs of measures, and as such does not really have 
a classical analogue. The techniques from [|Mlo09al allow us to find all pairs of measures (/I, fx) 
such that if (Jit, Ht) '■= (/I, /x)^'^* then the Jacobi parameters of Jit are linear with respect to this 
convolution. In fact, it suffices to only require that the Jacobi parameters of Jit are polynomials in 
t, and the linearity of the Jacobi parameters of both Jit and fit then follows automatically. Unlike 
in the cases above, this class has not been explicitly described before. It consists of measures 
whose Jacobi parameters do not depend on n for n > 2 (except for the special case described in 
Proposition 6). 

Even the fact that these (pairs of) measures form a two-state free convolution semigroup is appar- 
ently new. We show that these measures also have, in the two-state context, Meixner-type prop- 
erties. Namely, just like the Meixner and free Meixner classes, this family includes the two-state 
versions of the normal, Poisson, and binomial distributions; their two-state cumulants satisfy a qua- 
dratic recursion; they have a two-state Laha-Lukacs characterization [IBB09II ; and they appear as a 
subclass of the q = case of quadratic harnesses HBWOSII . 

Acknowledgements. The paper was started during the 12th workshop on Non-commutative Har- 
monic Analysis with Applications to Probability at the Banach center. M.A. would like to thank 
the organizers for an enjoyable conference. He would also like to thank Wlodek Bryc and Jacek 
Wesolowski for explaining their work to him. Perhaps most importantly, we thank Laura Matuse- 
vich for pointing out a missing assumption in Theorem [6} which led to Proposition |7] Finally, we 
are grateful to the referee for a careful reading of the paper, and numerous very useful comments 
and suggestions. 

2. Background. 

2.1. Partitions. A partition of a linearly ordered set X is a family vr of nonempty, pairwise disjoint 
subsets of X, called blocks of vr, such that IJtt = X. A partition is noncrossing if whenever 
xi < X2 < X3 < X4, xi,X3 G V^i G TT and X2,X4 G V2 G vr then Vi = V2. Every noncrossing 
partition admits a natural partial order: U ^ V if there are r,s E V such that r < k < s holds for 
every k G U. Now we can define depth of a block U E n, namely 

d{U,7r) ■=\{V En -.U ^ U}\. 

If d{U, vr) > 1 then we define the derivative of U as the unique block U' E tx such that U <U' and 
d{U\ vr) = d{U, Tx) — 1. The derivatives of higher orders are defined by putting V*^^) := (yC^^^)) . 

In particular, a block of a noncrossing partition with d{U, vr) = is called outer, and a block with 
d{U, vr) > 1 is called inner. An interval partition is a non-crossing partition with only outer blocks. 



4 



ANSHELEVICH & MLOTKOWSKI 



For the set {1,2,..., m}, we will denote the lattice of all partitions by V{m), the lattice of all 
noncrossing partitions by NC(m), and the lattice of all interval partitions by Int{m). In addition, 
NCi,2('Ti) will stand for the class of all partitions vr G NC(m) such that |V| < 2 holds for every 
V G TT. The family of all outer (resp. inner) blocks of tt will be denoted by Out(7r) (resp. Inn(7r)). 

Example 1. The noncrossing partition vr = {{1, 5, 10}, {2, 3}, {4}, {6, 7, 9}, {8}, {11, 12}, {13}} 
is drawn in Figure [T| The blocks {1, 5, 10}, {11, 12}, {13} are outer (and so have depth 0); the 
rest of the blocks are inner, with c/({6, 7, 9}, vr) = 1 and c/({8},7r) = 2. {8}' = {6,7,9} and 
{2, 3}' = {1,5, 10}. 




1 2 3 4 5 6 7 8 9 10 11 12 13 
Figure 1. Illustration for Example [T] 

2.2. Jacobi parameters. Throughout the paper, /i will be a probability measure on M all of whose 
moments 

(3) Sm(/i) := / x"'dij,{x) 

Jr 

are finite. Then there is a sequence {Pm}m=o of monic polynomials, with degP„ = m, which are 
orthogonal with respect to fi. They satisfy a recurrence relation: Po{x) = 1 and for m > 

(4) xPm{x) = Pm+lix) + l3mPm{x) + m~lPm~l{x) , 

under convention that P-i(x) = 0, where the Jacobi parameters [|Chi78ll satisfy G M and 
7m > 0. Then we will write 

PO) Pi) ^2, 



J(/i) 



; A^i; h'Z^ 

7o, 7i, 72 , 73, 



{Pm} are unique for m < |supp(/i)|. Moreover := |supp(/i)| < oo if and only if '-)n-i = and 
7m > for m < — 1. In this case for m > N, Pm+i are not uniquely determined, and (3^, 7m 
are undefined, so that the sequence of Jacobi parameters is finite. By convention, we may still write 
infinite sequences of Jacobi parameters, but their terms after the first 7m = should be disregarded. 

The Viennot-Flajolet theory P Ra80[|Vie84 l| gives the relation between moments of a measure and its 
Jacobi parameters in terms of Motzkin paths. We will use a related formula of Accardi and Bozejko 
[IAB98II expressing the same relation using non-crossing partitions: 



(5) Smifi) = n f^d(V,cT) ■ Yl 

o-eNCi 2(m) V£a V£a 
' '\V\=1 \V\=2 

This formula should be compared with the formula Q below. 
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2.3. Cumulants. The classical cumulants r* (/i) llShi96ll . free cumulants 

gSpe901 |Spe94l |NS061 , Boolean cumulants r^(/i) [ISW97II . and two-state free cumulants 

nBLS96B are defined via the following moment-cumulant formulas, which express them implicitly 
in terms of the moments Sm(/i): 

(6) Sm{fi)= Yl ri'^m^^)' 

(7) s^ifi) = n^i^i'^^)' 

7reNC(m) VeiT 

(8) Yi n^rvi(/^)' 

n£lnt{m) V£it 

and 

(9) Sm{]i)= Y n n ^\u\if^)- 

7reNC(m) V'eOut(7r) [/elnn(7r) 

2.4. Convolutions. Using cumulants, we can define in a uniform way the classical convolution *, 
the free convolution ffl, and the Boolean convolution l±l, via equation ([2]) and its analogs, for example 

r„(/i ffl z/) = r„(/i) + r„(z/). 

The two- state free (or conditionally free — these terms will be used interchangeably) convolution 
fflc is an operation on pairs of measures, defined by 

Rn ((/i, /i) fflc (l", t^)) = RniJi', /i) + Rn{v, v) 

and (/U, /i) fflc {pi ^) = (t, |U ffl z/). Note that the classical convolution defined in this way does 
coincide with the more familiar formula 

{^i*v){A) = j fi{A- x)du{x), 

but there are no such explicit formulas for the other operations. Instead, each of them is related to 
an appropriate notion of independence, see the references above. 

For any of the convolution operations, for example for *, a convolution semigroup generated by 
/i is a family of measures {/it} such that fii = fi and Ht * f^s = l^t+s- So a classical convolution 
semigroup is characterized by the property that 

and a similar relation holds between other convolution semigroups and corresponding cumulants. 

A priori, our semigroups will be indexed by t G N. For ji ^-infinitely divisible, /x** is defined for 
all t G [0, oo); a similar comment applies for ffl- and fflc-infinitely divisible distributions. However, 
for free convolution ffl and two-state free convolution fflc, for any /i one can extend the semigroup 
to t G [1, oo), see Lecture 14 of nNS06ll and flBelOSL Moreover, for the Boolean convolution l±l, any 
fi is infinitely divisible [iSW97B . 



ANSHELEVICH & MLOTKOWSKI 



2.5. Generating functions. It is frequently more convenient to work with generating functions 
instead of moments and cumulants. For example, the Fourier transform 



„ fit' 

m=0 



is the exponential moment generating function of /x, and 



ml 

m=l 



is its (classical) cumulant generating function. 
The ordinary moment generating function of // is 



oo 
m=l 



We denote the free cumulant generating function (also called the i?-transform) by 

oo 



k=l 

and the two- state free cumulant generating function by 



k=l 



Note that these are the combinatorial ii!-transforms, which differ by a factor of z from the versions 
used in complex analysis. 

We have the functional relations 

(10) M^(z) = R^'dl + M^(z))z) 
and 

(11) rii^iz) = (1 + M^'{z))-^R^'^{{1 + M^{z))z). 
Here the eta-transform (Boolean cumulant generating function) rj^ satisfies 

(12) Tj^'iz) = 1- {1 + Mf'{z))-\ 
Recall that the corresponding property in the classical case is 

C^{z) = log J^^{z). 
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2.6. Continued fractions. The Jacobi parameters of yu also appear in the continued fraction ex- 
pansion 

(13) 1 + M^(2) = ^ 



1 ft ( \ 7o(/i)^ 

1 - Piifi) 



and from equation ( 12 1 



(14) v'i^) = /3o(/i)^ + ^ 



1 - /32(/U) 



J(/i) 



Definition 1. Meixner distributions are measures with Jacobi parameters 

'/3o, & + /3o, 26 + /3o, 36 + /3o, • 
Jo, 2(c + 7o), 3(2c + 7o), 4(3c + 7o), . 

for 7o > 0, and either c > or c = —'jo/N, G N (in the second case, the sequence of 
Jacobi parameters is finite). In particular this class includes the normal (Gaussian) distribution for 
/So = & = c = 0, 7o = 1, Poisson distribution for /3o = & = 7o = 1, c = 0, binomial distributions 
for /3o = pN, 7o = p{l — p)N, b = 1 — 2p, c = —p{l — p), gamma distributions for /3o = 7o = ol, 
6 = 2, c = 1, and negative binomial distributions for /3o = jz^'", 7o = {i-p^ ^^ ^ = ^ = (X^^- 
See HSchOOH for more details. 

Moreover, for fixed /3o, 7o, c, the measures {^t : t G N} with Jacobi parameters 

/3„(t) = nh + Pot, ln{t) = {n + l){nc + 7ot) 

all belong to the Meixner class and form a convolution semigroup. If c = —'jo/N < 0, the semi- 
group can be extended to {jjt ■ t = jf , n E N}. ii is * -infinitely divisible if and only if c > 0, in 
which case the measures {/it : t > 0} form a convolution semigroup, a (classical) Meixner semi- 
group. 



(15) J(/x) 



Definition 2. Free Meixner distribution are measures with Jacobi parameters 

'Po, b + Po, b + Po, b + Po, . 
Jo, c + 7o, c + 7o, c + 7o, . 

for 7o > 0, c + 7o > 0, in other words their Jacobi parameters are independent of n for n > 1. 
The normalized free Meixner distributions fih^c have mean Pq = 0, variance 70 = 1, and parameters 
b E M, c > —1; general free Meixner distributions are affine transformations of these. More 
explicitly. 



^ ^4(1 + c) - (x - by 

diJ,b,c{x) = — — — — dx + 0, 1, or 2 atoms, 

27r 1 + bx + cx^ 



see [lSY0niAns03llBB06l . 



Free Meixner distribution with Jacobi parameters ( [15] ) is ffl-infinitely divisible if and only if c > 0, 
see Theorem [T] below. Moreover, for fixed b, c, these distributions form a two-parameter free con- 
volution semigroup with respect to Pq and 70. This follows from the formula for their _R-transform 
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in HSYOlll or from the formula for their free cumulants in [IHM07II . In the particular case c > — 1, 



the measure with Jacobi parameters ( [T5| ) is precisely jjf^ J° ffl 613^ (note that the free convolution with 



a delta measure is a shift) and in this case it follows directly that 

Remark 1. There are numerous characterizations of the free Meixner class in free probability. Here 
is a partial list. 

(a) The following measures all belong to the free Meixner class: free normal (semicircular) 
distributions have b = c = (and so their Jacobi parameters do not depend on n), free 
Poisson (Marchenko-Pastur) distributions have c = 0, 6 7^ 0, and free binomial distributions 
correspond to c < (including the Bernoulli distributions for c = —70). 

(b) The orthogonal polynomials of the measure /i have a generating function of the "resolvent- 
type" form [MSI. 

(c) The free Laha-Lukacs property: two freely independent random variables X, Y with the 
same distribution fi satisfy the property that the conditional expectation + Y] is 
hnear in X + Y and the conditional variance Var[X|X + Y] is quadratic in X + Y [BB06|. 

(d) The free cumulant generating function of the measure /i^, c satisfies a "Riccati difference 
equation" 



z \ z 



see the single- variable case of Theorem 6 from HAnsOSII . or the g = case of Remark 5.4 
from [IBB06H . 



(e) The measure /i generates a quadratic free exponential family [Bry09|. 



(f) The measure /i is characterized in terms of its free Jacobi field [IBL09II . 

All of these properties have analogs for classical Meixner distributions, see the references in the 
Introduction. 

3. The free convolution. 

Formulas ([5]) and (|7]) relate moments of a measure to its Jacobi parameters, resp. free cumulants. It is 
also possible to find a direct relation between free cumulants and Jacobi parameters, see [|Mlo09all . 
For this purpose we will need some additional notions. 

A labelling of a noncrossing partition cr is a function Kona such that for any V G a we have i^{V) E 
{0, 1, . . . , d{V, a)}. For a labelling k of a noncrossing partition a we denote by TZ{a, k) the smallest 
equivalence relation on a containing all the pairs {y'^''\V^^'>') with G cr, < i,j < ti{V). By 
NCLj^ 2("^) (iiot to be confused with non-crossing linked partitions introduced by Dykema |Dyk07 |) 



we will denote the family of all pairs (cr, k) such that a G NCi 2(?Ti), /t is a labelling of a and 
7?.(cr, k) = cr X cr. In particular, a has only one outer block. 

Example 2. In Figure 2 are drawn three labellings of the partition cr = {{1,6}, {2, 5}, {3, 4}}: 
Ki({3,4}) = 2, /t2({3,4}) = 1, K2({2,5}) = 1, K3({3,4}) = 1, with the rest of the values 
zero. For each label /t(V"), we connect V to its derivatives of order 1,2,..., n{y). Pictorially, 
7?.(cr, k) = cr X cr if all the blocks of a are connected in this fashion, ki and K2 produce connected 
partitions, while under 7^((T, K3), {2, 5} ~ {3, 4} but {1, 6} 7^ {2, 5}. 
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Figure 2. Illustration for Example |2] 

In view of [|Mlo09aL we have the following relation between free cumulants and the Jacobi param- 
eters of a given probability measure /i: 

(16) = 

where w{a, k) := Hyecr '^{^^ ^{^)) ^i^d 

(17) w{y,k):= 
under convention that = 7_i = 0. In particular, 











(o-,K)eNCL;_2{m) 










if 


\V\ 


= 1, 


\ Ik- lk-1 


if 


\V\ 


= 2, 



(18) 


n 


= /3o, 


(19) 


r2 


= 7o, 


(20) 


rs 


= loi.Pi - /3o), 


(21) 


r4 


= 7o[(/3i-/3o)' + (7i-7o)], 


(22) 


r5 


= 70 - /3o)' + 3(71 - 7o)(/3i - /3o) + li{(^2 - A)] , 






= 70 - /3o)' + 6(71 - 7o)(/3i - /3o)' + 47i(/32 - /3i)(/3i - /3o 


(23) 




+ 7i(/32 - /3i)' + 2(71 - 7o)' + 71 (72 - 7i)] • 



Theorem 1. Let fi be a probability measure with Jacobi parameters 

Po, Pi, P2, P3, ■ ■ 



J(/x) 



7o, 7i, 72 , 73, 



If for t G N, the Jacobi parameters for the free powers offi are 

/3o(t), /3i(t), /32(t), I33{t), 



J(/ 



7o(t), 7i(t), 72(t), 73(t), 



and all the parameters Pm{t), 7m (i) cife polynomials on t, then 
(24) = /32 = /33 = . . . anJ 7^ = 72 = 73 

so that jj, is a free Meixner distribution. 



On the other hand, if the Jacobi parameters offi are such that p4] ) holds then, putting 
(25) h:= Pi- Po, c := 7i - 70, 

the measure fit = A*^* is well defined whenever t > and c + t'jo > and then 
J, f Pot, h + /3ot, h + PqI, h + Pot, . . 
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In particular, fi is ^-infinitely divisible if and only ifc>0. In this case, 

dp{x) 



(27) R^{z)=/3oZ + ^oZ 
where 

(28) J(p) = 
so that p is a semicircular distribution. 



1 — zx 



b, b, b, b, 

c, c, c, c, 



Proof. Putting in formulas ( 16 )-(23 1 r^t, Pmif), Imif), instead of r.^, (5^, 7m and w respectively 
we see that 

/3o(t) = /3ot, loit) = -fot. 
If 7o = 0, then is a point mass 5/3q. In this case we can take 

Pot, 0, 0, .. 
0, 0, 0, .. 



Jin = 

which satisfies both the assumptions and the conclusions of the theorem. From now on, we assume 
that 7o > 0. From (20) we get r^t = 7ot(/3i(i) — /3o^) which yields 

/3i(t) = /3i-/3o + /Sot- 



Similarly, from (21 1 we get 

7iW =7i-7o + 7o^- 

Now assume that all the Jacobi parameters (3m{t), lm{t) are polynomials on t. We claim that 
l^k{t) = /3i — /3o + l^ot and 7fc(t) = 7i — 7o + 7o^ for all /c > 1. Fix d>2 and assume that this holds 
for all 1 < A; < (i. Then for a block V , with 1 < < 2 and for 1 < A; < d we have Wt(V, k) = 0. 
Now we consider formula ( [T6] ) for r2d+it- 

Put 

ai := {{1, 2rf + 1}, {2, 2^}, {3, 2d - I}, . . . ,{d,d + 2}, {rf + 1}}, 

/Ci := {k ■ ((Ti, k) G NCL^ 2(2^^ + 1), ^^{{d + 1}) = 4- 

Note that if (ct, k) G NCLi 2(2t^ + 1) \ ({^^i} x /Ci), and Wt(a,/t) ^ then k(\/) = 1 for all 
V"Gcr\{{l,2rf + l}} and then 

Wj(a,K) = 7ot JJ - /3o) X JJ (71 -7o)- 
veo- ye<T, |v|=2, 

Now we observe that if Wt(cri, k) 7^ 0, k G /Ci, then niV) G {0, 1} for all inner blocks V G oi, 
V ^{d^l}. Therefore 

d-l 1 

= 7ot(/3d(t)-/3d-i(t))7iW'~\ 
which is a polynomial of degree at least d > 2, unless /3d(t) = Pd-i{t) = /3i — /3o + Pot- 
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Now we consider the formula for r2d+2t- Put 

(72 := {{l,2c? + 2},{2,2rf+l},...,{c?+l,c? + 2}}, 

K,2 := {k : ((T2, k) G NCL} 2(2rf + 2), K{{d +l,d + 2}) = d}. 

Similarly as before, and using the previous step, we conclude that for (cr, k) G NCL]^ 2(2*^ + 2) \ 
({0-2} X /C2) if we have Wt{(7, k) ^ then k{V) = 1 for all V" G (j \ {{1, 2d + 2}} and then 



Wt 



[a, k) = -fot Yl il3i - l3o) X Yl (7i-7o)- 



11/1=1 



ye<T, \v\=2, 

V^{l,2d+'2} 



Now we observe that if Wt{a2, k) ^ 0, k E IC2, then K(y) G {0, 1} for all inner blocks V E a, 
V {d+l,d + 2}. Therefore 



d-l 1 



k=l i=0 

= i^t{^d{t) - id-i{t))ii{tY-\ 

which is again a polynomial of degree at least d>2, unless 7d(t) = ld-i{t) = 7i — 7o + 7o^- This 
proves the first part. 



Conversely, suppose that has Jacobi parameters given by equation ( [24] ). As we have already 
noticed, if (cr, k) E NCL} 2("^)» V E a and w{V, ^iV)) 7^ then either V is the outer block of 
sigma (so kIV) = 0) or k{V) = 1. Then, using notation ( [25] ), for fit defined via equation ([26]), we 
have /ii = /i, ri{fit) = (3ot and for m > 



(29) 



fm+2 



' \V\=l \V\=2 



so that rm(/if) = t ■ rm(/x). Therefore fit = f/ 



Finally, it follows from equation ^29\ that if c > then rm+2 = 7o " Sm{p) where the measure p is 
defined by (|28]), which proves (|27]) (c.f. ffSYOTH ). □ 



4. The classical convolution. 



In pHSlll, the authors define cumulants {r*} for an abstract convolution operation 7»r via the fol- 
lowing three properties. All convolutions and cumulants considered in this paper satisfy them (with 
the exception of the conditionally free cumulants; these latter satisfy properties which are similar 
to the ones below, but we choose instead to treat them separately in the next section). 

(a) r*(/i**) = t ■ r*(/i), where t eN. 

(b) r:(DA/u) = AX(/^), where {Dxfi){A) = /.(A'M). 

(c) For any n, there is a polynomial Qn in n — 1 variables such that 

Snip) = <{P) + Qn{r\{p), <_i(^)). 

Lemma 2. Suppose measures {pt} form a convolution semigroup with respect to an operation -k, 
with corresponding cumulants {r^(t) = t ■ r^} satisfying axioms above. Then 
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(a) Denoting Si{t) = Si{fit) andri = r*(/ii), 

Slit) = rit, 

S2{t) = r2t + aiirlt"^, 

ssit) = rst + a2ir2rit^ + amr^t^, 

Siit) = r^t + asirarit^ + 022^3^^ + a2iir2rjt^ + aunrft^. 

(b) Suppose ail = 1- Then 

Po{t) = Pot, 
lo{t) = lot. 

(c) Suppose n is not a point mass so that 70 7^ 0, and 

(30) ail = dm = anil = 1, ^211 = ct2i " 2«2i + 3. 

Then 

/3i(t) = 6+(a2i-2)/3ot, 

71 (t) = {b' - b^) + ((agi - 2a2i + 2)b/3o + (022 - 1)70) t, 
an so all of these are linear in t. 

Proof. Part (a) follows by combining properties (a-c) of the cumulants. The rest follow by combin- 
ing part (a) with the formula ([5]). □ 

Proposition 3. In the setting of the preceding lemma, suppose an = 1. Let {fJ^t}, {/^t} be two 
convolution semigroups all of whose Jacobi parameters are polynomial in t. Suppose moreover 

that /3o{fit) = Poil^'t), 7o(A*t) = 7o(/it), Piil^t) = Piiti't), 7i(/^t) = 7i(/^t)' and that ji{iit) varies 
with t. Then fit and have the same moments. 

Proof. We will prove by induction on n that the rest of the Jacobi parameters of the measure are 
the same as for fi[. Suppose this is true up to n — 1. Then using formula ([5]), 

S2n+l(Ait) = S2„+l(/ii) + (/3n(/ii) " /3n (/ij) )7n-l (yUt ) • • • 7l (/^t )70 ) , 

SO if 

Sk = rl + Qkirl,rl...,rl_^), 

then 

By Lemma [2];b), 70 (/^t) = lot, and 71 (/it) has degree at least one in t, while the other 7i(/it) are 
polynomial in t, from which it follows that iSnifit) = Pniti't)- 

Similarly, from 

S2n+2(/it) = S2n+2{^^'t) + {inif^t) " 7„ (/i'J )7„-l (/if ) . . . 7i (/it )7o (/if ) , 

it follows that 7n(/it) = 7n(/it)- □ 

Corollary 4. The Meixner distributions are the only convolution semigroups whose Jacobi param- 
eters are polynomial in the convolution parameter. 
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Proof. If 7o = 0, the measure is a point mass, and so belongs to the Meixner class. So suppose 



7o 7^ 0. For the usual cumulants, 021 = 3, 0211 = 6, 022 = 3, 031 = 4, so condition pO] ) is 
satisfied. Also, (5i{t) = 6 + 13^1, and 71 (t) = 2c + 270^ is not constant. If c > 0, t > 0, or c < 0, 
N = — 7o/c G N, t G N, the Meixner distribution with these initial values of the Jacobi parameters 
has 

'/3ot, b + f3ot, 2b + f3ot, 3b + ^ot, 
Jot, 2(c + 7ot), 3(2c + 7ot), 4(3c + 7ot), 



J(/x 



Finally, suppose c < 0, — 70/c ^ N. Jacobi parameters in the preceding equation still define, 
via relation (|5]), a linear functional on polynomials, which however is no longer positive. The 
uniqueness result in Proposition |3] applies equally well to such functional. Therefore, there is no 
positive linear functional (and so no measure) with these initial Jacobi parameters whose Jacobi 
parameters are polynomial in t. □ 



Example 3. For the free cumulants, 021 = 3, 0211 = 6, 022 = 2, 031 = 4, so condition ( [30| ) is 
satisfied. In this case, (3i{t) = b + (3ot, and 71 (t) = c + 7ot is not constant. Therefore we re-prove 
our result that the free Meixner distributions are the only free convolution semigroups whose Jacobi 
parameters are polynomial in the convolution parameter. 



Example 4. For the Boolean cumulants, 021 = 2, 0211 = 3, 022 = 1, 0,31 = 2. So condition ( [30| ) is 
still satisfied, but 71 (t) = c is independent of t. Therefore Proposition[3]does not apply. In fact, for 
any Boolean convolution semigroup, the Jacobi parameters are 



J {fx 



/3ot, /3i, 1^2, 
lot, 71, 72, 



and so are polynomial in t, see HBWOIM and [|Ans09ll . See Proposition |7] for a generalization of this 
result. 

Example 5. For the monotone cumulants [|Mur97[ iHSlll . an = 1, 021 = |, 0211 = y. So 
Proposition [3] applies, but condition ( |30l ) is not satisfied. In fact, in this case it is not clear if we have 



a 4-parameter family of measures with linear Jacobi parameters; for example, this condition implies 
that the mean (3o = 0. On the other hand, it may also be possible to have a monotone convolution 
semigroup with Jacobi parameters polynomial in t of degree greater than 1. 

Corollary 5. The only convolution semigroups {fit} which are spectral measures of tridiagonal 
matrices in equation ([T]) are Meixner families. 

Proof, jjt is a spectral measure of a tridiagonal matrix in equation ([T]) if and only if there are poly- 
nomials {Qn} orthogonal with respect to Ht and satisfying the recursion relation 

xPn{x) = {ant + a„)P„+i(x) + {(3nt + bn)Pn{x) + {in-lt + Cn-l) Pn-lix) . 

It is well known that the corresponding monic orthogonal polynomials then satisfy the recursion 

xPnix) = Pn+lix) + (/3„t + bn)Pn{x) + + a„-l)(7n-l^ + C„_i )P„_i (x) . 

By Corollary|4} jit is a Meixner distribution. A posteriori, for each n, an-iln-i = 0. □ 
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5. The two-state free convolution. 



Suppose that in addition to the measure 1 2, w e also have a measure /i, with moments Sm and Jacobi 





- h^l 


if 


V 


= 1 and k = d{V, a 


Pk 


- h-1 


if 


V 


= 1 and k < d{V, a 


Ik 


- Ik-l 


if 


V 


= 2 and A; = rf( V, a 


Ik 


- Ik-l 


if 


V 


= 2 and k < d{V, a 



parameters 7^, /3m- Recall from Section 2.3 that the conditionally free cumulants Rm = Rm{f^, f^) 
of the pair (/I, /x) are defined by 

(31) ^"^= Yi n ^imij^^f^) n '"ic^i(^)' 

7r6NC(m) l/eOut(7r) ;7elnn(7r) 

where rmil^) are the free cumulants of /x. 

For a E NCi,2(-^) and V E a, with label k, we define 



(32) wiV,k,a): = 

keeping our convention that /3_i = 7_i = 0. For (a, k) E NCLi 2(X) we put 

(33) w{a, k) := JJ w{V, k{V), a). 

vea- 

Then, in view of llMlo09all . for every m > 1 we have 

(34) RmiJl,n)= w{a,K). 

For example: 

(35) Ri = (3o, 

(36) R2 = 70, 

(37) /?3 = 7o(A-/3o), 

(38) i?4 = 7o[(^i-/3o)'+(7i-7o)], 

R5 = lo[{A -l3of + 2(71 - 70) (^1 - /So) + (71 - 70) (A - /3o) 

(39) +7i(^2-/3i)], 

= 70 [(^1 - /3o)' + 3(71 - 70) (^1 - /3o)' + 2(71 - 70) (^1 - /3o) - /3o) 
+ (71 - 7o) - /3o)' + 271 (^2 - {A - /3o) + 271 02 - (A - /3o) 

(40) + 7i (/32 - ^ + (71 - 7o) ^ + (71 - 7o) (71 - 7o) + 7i (72 - 7i) ] • 



The conditionally free power of a pair of measures: (/i,/i)^'=* = {fit, Ht) is defined by: /it = /i^* 
and Rmifit, l^t) = t ■ Rmifi, /^)- 

Theorem 6. Le? (/x, /i) be a pair of measures with Jacobi parameters 7^ Pm, Im respec- 
tively. 
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Assume that neither Jl nor /i is a point mass and that for the conditionally free powers {pt, fit) '■ = 
(fl, fj.)^"^, t eN, all the Jacobi parameters of Jit are polynomials on t. Then 

(41) /3i = ^2 = /32 = ^3 = /Ss = ^4 = . . . , 

(42) 7^ = 72 = 72 = 73 = 73 = 74 = • • • , 

so that Jl is a general measure whose Jacobi parameters do not depend on nfor n >2, and fi is the 
corresponding free Meixner distribution. 



On the other hand, ?/([47| and {42 ) hold then, putting 

(43) b = j3i-l3o, 6 = /3i - /3o, c = 7i - 70, c = 71 - 70, 

the conditionally free power (Jit, fit) := (Jl, fi)^"^ exists for t > 0, c + 7ot > 0, c + 7ot > and we 
have 

(44) J{]lt) - 
and 

(45) Jifit) = 



Pot, h + Pot, b + Pot, b + Pot, 
lot, c + 7ot, c + 7ot, c + 7ot, 



Pot, b + Pot, b + Pot, b + Pot, 
7ot, c + 7ot, c + 7ot, c + 7ot, 

In particular, the pair (Jl, fj) is Sc-infinitely divisible if and only ifc>0 and c>0. In this case, 

dp{x) 
1 — 

where pis the free Meixner probability measure which satisfies 

b, b, b, b, .. 

c, c, c, c, 



(46) R>''>'iz) = Poz + ^oz' 



(47) J(p) 



Remark 2. Note that we did not need to assume that the Jacobi parameters of fit are polynomials 
in t; rather, this fact is implied by the hypothesis of the theorem. If /I is a point mass, the conclusion 
of the theorem holds if we also suppose that the Jacobi parameters of fxt are polynomials in t. This 
follows from Theorem [T] and the fact that for any free convolution semigroup {fit}, the family 

form a two-state free convolution semigroup (with RP'^{z) = Pqz). 

If /i is a point mass, the conclusion of the theorem is false, see Example |4j Proposition |7] provides 
a complete description of this case. 

Definition 3. Two-state free Meixner distributions are pairs of measures {Jl, fx) with Jacobi param- 



eters (|44]) and (|45]) for t = 1 and 

7o>0, 7o>0, c + 7o>0, c + 7o>0. 

Remark 3. An explicit formula for Jit can be obtained from the continued fraction expansion of its 
Cauchy transform: 

Gjlt{z) = zr- , 

z- Pot- 



z- Pot-b- {'Jot + c)Gp^ {z) 
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where pt is the semicircular distribution with mean (3^1 + h and variance 7ot + c. The corresponding 
measure belongs to the Bemstein-Szego class, and has the form 

= ^M,.t^c)-(.-M-if ^ ^^^^ 3 ^^^^^ 

cubic polynomial 

Proof of Theorem^ Denote by (5m{t), 7m (^) and (5m{t), 'jmit) the Jacobi parameters of Jit and Ht 
respectively. Putting in formulas ([T6])-([23|) and ([33|)-([40l) 



Tmt, Rmt, (3m{t), 7m(t), Pmit), Imif), Wt, Wt 

instead of _ 

'"m; Rmi Pmi Irm Pmi '~1mi ^i ^ 

respectively we see that 

Po{t)=(3ot, 7o(t)=7ot, =/3i-/3o + /3ot, 7i W = 7i - 7o + 7ot, 



by ([T8])-(12T]), and 

= ^ot, lo{t) = 7ot, A (t) = /3i - /3o + f3ot, 71 (t) = 7^ - 70 + 7ot, 



from (|35[)-(|38[). Now assume that neither fi nor yU is a point mass (i.e. 70 > 0, 70 > 0). It then 
follows from these formulas that 70 (t), 7i(^), loit), and 71 (t) are all polynomials of degree one in 
t. 



Assume that all (3m(t) and 7m(^) are polynomials on t. If we apply the last formulas to (39) then 
we get 

R^t = constant ■ t + ^o{t)li{t) (Ait) - 
Since, by assumption, (32{t) is a polynomial, this implies that 



(for otherwise the right hand side would be a polynomial of degree at least 2). Then in (40) we 
obtain 

Ret = constant ■ t + 7o(i)7i(^) (72(i) - 7iW), 

which, in turn, yields 

72 (i) = 7i(^) = 7i - 7o + lot- 
Now we are going to prove by induction that for every n > 1: 

(48) ^,+i(t) = /3„(t)=/3i-/3o + /3ot, 

(49) jn+i (t) = 7„(t) = 7i - 7o + 7ot. 



Fix d > 2 and suppose that (48 )-(49 ) hold for all n such that 1 < n < d. Now we consider ( 16 ) for 
r2d+it. Put 

af := {{1, 2d + 1}, {2, 2d}, {3, 2d - 1}, . . . , {d,d + 2}, {d + 1}}, 

/Cf := : (af , k) G NCL} 2(2^ + 1), K{{d + 1}) = rf}. 

By our assumptions, if 1 < k < d then Wt{V,k) = for any block V, with 1 < |V^| < 2. 
Therefore the right hand side of (16) for r2d+it involves only such (cr, k) G NCL} 2(2(i + 1) that 
either k,{V) = 1 for every inner olock V E a (and then Wt{V, k,{V)) = Wt{V, 1) = /3i — I3q if 
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\V\ = 1 or 7i - 7o if |y| = 2) or a = af, k e ICf and k{V) G {0, 1} for all inner blocks V e a, 
V ^ {d+ 1}. Accordingly we get 

r2d+it = lot n - /5o) X Yl (71 - 7o) + 5^ wtiaf, k) 

<TGNCi,2(2d-l) V€a Vda i^(zfcd 

\V\ = 1 \V\=2 

V^{l,2d+l} 

and 

d-l 1 

fce/cf k=i i=o 

= 7ot(/3d(t)-/3i(t))7iW'^'- 

This imphes that 

(50) (/3d(t)-/3i(t))7i(t)'"' = ci 

for some constant Ci. 

Now we consider (|34]) for R2d+3t. Put 

af+i := {{1, 2d + 3}, {2, 2c/ + 2}, {3, 2d + 1}, . . . , {d + l,d + 3}, {d + 2}}, 
/Cf+i :={«:: (af+\ G NCL} 2(2^ + 3), K{{d + 2}) = d + l] , 
Ci+^ := : (af+\ G NCLj 3(2^ + 3), K{{d + 2}) = d] . 

By our assumption, if Wt{(J, k) 7^ then either k,{V) = 1 for every inner block ^ G cr or cr = ai~^^, 
K G /Cf+^ and /s:(\/) G {0, 1} for all inner blocks V e a,V ^ {d + 2} or a = k G 
k({2, 2rf + 2}) = 1 and niV) G {0, 1} for all inner blocks V e a,V ^ {d + 2}, {2, 2d + 2}. 
Therefore we have 

o-eNCi 2(2rf+i) veo- veo- veo- vea- 

|y|=i |y|=i \v\=2 \v\=2 

yeOut((T) yeinn{o-) yeOut((7) yeinn(cr) 



In view of ( [50| ) we note that 

Y ^tK^,«^) =7ot(7iW -7o(t))(/3d(t) -/3d-i(t))72(t)...7dW 

= iot{ii-io){Pd{t)-mhi{tY-' 

= 7ot{7i - 7o)ci 

and that 

Y Wt{(^t''\'^) = lot(Pd+lit) - (3d{t))^l{t)^2{t) . ..^d{t) 

= 7ot(^d+i(t) - /3i(t))7i(t)7i(t)'-' + 7ot(/3i(t) - /3d(t))7i(t)7i(t)'"' 
= lot{Pd+i{t) - /3i(t))7i(i)7i(i)'"' - 70^71 (i)ci. 
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If (3d+i{t) 7^ then the first summand is a polynomial of degree at least c? + 1 > 3 and if 

Ci 7^ then the second one is a polynomial of degree 2. Therefore Ci = and 

(51) = /3rf(t) = /3i(t). 

Now we will study 7cz+i(t) and 7rf(t) in a similar way. Consider ( [T6] ) for r2d+2t and put 
:= {{1, 2d + 2}, {2, 2rf + 1}, {3, 2d}, . . . , {rf + 1, + 2}}, 
/C^ := {k : (a^, k) G NCL} 3(2^ + 2), + 1, + 2}) = d}. 

Then by inductive assumption and by pT) we have 

r2d+2t = 70^ 5^ n - /^o) ■ n - 7o) + 5^ ^(c^2, '«) 
aeNCi,2(2d) vea^ yea ^g/cf 

and similarly as before we see that 

J2 M< f^) = lot{ldit) - 7i(t))7i(t)'-\ 

which implies that 

(52) {ld{t)-li{t))-fi{ty-' = C2 
for some constant C2. 

Now we consider p4] ) for R2d+4t. Put 

^2^+^ := {{1, 2d + 4}, {2, 2d + 3}, {3, 2d + 2}, . . . , {rf + 2, + 3}}, 
/C^+i := : (a^+i, k) G NCLJ 2(2^ + 4), K{{d + 2, + 3}) = d + l} , 
£^+1 := : (a^+i, k) G NCLJ 2(2^ + 4), K{{d + 2,d + 3}) = d} . 

By our assumption and by pT) we have 



o-eNCi 2(2d+2) Veo- Veo- Veo- yea- 

|y|=i |y|=i \v\=2 \v\=2 

veOut{a) yeinn{o-) yeOut(o-) yeinn(cr) 



Now similarly as before we note from (52 1 that 

E wt{cxf+^, k) = t7o(7i - 7o)c2, 

and that 

E ^t(^2+', = lot{ld+iit) - 7i(t))7i(t)7i(i)'~' - 70^71 (t)c2. 

If 7d+i(^) 7^ 7d-i(^) then the first summand is a polynomial of degree at least d + 1 > 3 and if 
C2 7^ then the second is a polynomial of degree 2. Therefore C2 = and 

(53) =7^(t) =7,(t), 
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which completes the proof of the first part. 

Conversely, suppose that Jl and fi (which in this case can be point masses) have Jacobi parameters 
given by equations (41 1 and (42), respectively. Then by Theorem [T| ( |45| ) holds for fit = /i^*. Also, 
using notation ( |43| ), for Jit defined via equation ( |44l ), we have Jli = Jl, Ri{Jlt, fxt) = Pot and for 
m > 



(54) 



Rm+2 

ijit, fit) = t ■ ^0 n ^ n ^ n ^ n 



c, 



\v\=i \V\=1 \V\=2 \V\=2 

yeOut(CT) yeInn{o-) V'eOut(cr) Velnn{a) 



so that Rm{fit,IJ-t) = t ■ RmifJ; A*)- Therefore {fit, fit) = (yu, /i)^'*- 

Finally, it follows from equation (|54]) that if c > and c > 0, then Rm+2{J1, /^) = 7o " Sm{J^, which. 



in turn, yields (46). 



□ 



Remark 4. In addition to the convolution property with respect to the parameter t, note that for fixed 
6, 6, c, c, the family of all two-state free Meixner distributions (/I, fi) constitute a four-parameter ffl^- 
semigroup with respect to the parameters /3o, Po, 7o,7o for 70 > 0, 70 > — c, 70 > max(0, — c). 
Indeed, by formulas ([16]) and ( [34] ) (see also [|Mlo09bl ). if {Jl',fi') and {Jl" , fi") are two-state free 
Meixner distributions, with parameters P'Q,b,PQ,b, 7o,c, 7o,c and /3o,&, /Sq' ^5 7o,c, 7o>c respec- 
tively, then (/!', /x') fflc (/w", /i") is again a two-state free Meixner distribution with parameters 

P', + P'^,b,P'o + PI b, % + 7^', c, 7^ + 7o , c. 
Proposition 7. Le? m G M an J Jl be an arbitrary probability measure on M with 



J{J1) 



Po, Pi, P2, P3, 
7o, li, 72, 73, 



For t > define fit by 
JiJit) = 



Pot, Pi + {t-l)u, P2 + {t-l)u, Ps + {t-l)u, 

lot, 7i, 72, 73, 



Then the pair {fi, 6u) is Sc-infinitely divisible and {{fit, Stu)}t>o '■^ corresponding Sc-semigroup. 
Moreover, we have 



R^'^'-{z)=PoZ + ^oz' 



dp{x) 



xz 



where p is given by 



Ap) 



Pi- u, P2- u, Ps- u, 
7i, 72, 73, 



Proof. Since J{5, 



tu) 



, in calculating Rm{fJ't, ^tu) we can restrict ourselves 



'tu, 0, 0, 0, . 
0, 0, 0, 0, . 

to those pairs (a, k) E NCLJ 2("^) that for V E a we have either \V\ = 2, k{V) = d{V, a) or 
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\V\ = 1, k e {1, d{V, a)}. More precisely, for the pair 5tu) we have in (|32[) 



w{V, k, a) := < 



/3i-u if\V 

(3k + {t-l)u if\V 

-tu if\V 

Ik if|V^ 



l,k = d{y, a) = 0, 
2 and = d{V, a) = 0, 
1 and A; = d{V, a) = 1, 

1 and k = d{V, a) > 1, 
1, A; = 1 < d{V,(r), 

2 and /c = d{V, a) > 0, 



, otherwise. 
This imphes that for fixed a G NCl 2i^)^ m > 2, with only one outer block, we have 

(<T,K)eNCLi_2(m) 1^1^^ |y|=l 

Hence Ri{Jlt, Stu) = Pot and for m > we can write 

Rm+2{ll't, 5tu) = t^O ^ JJ^ 7d(V,<7)+l Y\. {j^d{V,a)+l - U 



o-eNCi 2(m) V£a 
\V\=2 



yecr 
\v\=i 



In particular, RmifJ't, ^tu) = tRmifJ', ^u) for all m > 1. 



□ 



6. The two-state free Meixner class 

Free Meixner distributions arise in many results in free and Boolean probability theories. In this 
section we describe a number of appearances of the family from Theorem [6] in the two- state-free 
probability theory, which justify the name "two-state free Meixner class". Other places where 
measures with Jacobi parameters independent of n for n > 2 were encountered include Theorems 
1 1 and 12 of [ KW05 1, examples in [|Len07H . as well as [|HM07[lHM081 and [HKM09 1. 

Definition 4. A triple {A, (f, ip) is an (algebraic) two-state non-commutative probability space if A 
is a *-algebra, and ip are states (positive, unital linear functionals) on it. A self-adjoint (X = X*) 
element X e A has the distribution {Jl, /i) in {A, (f, ^p) if Jl, fi are probability measures such that 



for all n > 0. 



The next remark is the analog of the three results in Remark [TJ a). 
Remark 5. (Limit theorems and specific distributions) 



(a) Theorem 4.3 of IIBLS96II is the two-state free central limit theorem. Let (z/, v) be a pair of 
measures such that 

Si{u) = = Sl(z/), S2{v) = V ■52('^) = M > 0. 

Then, denoting by D the dilation operator, we have the weak limit. 
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The authors give explicit formulas for the limit distributions, based on the observation that 

R^iz) = uz\ R^^^iz) = vz\ 



Thus formulas ( [27| ) and ( |46| ) give 

A) = /3o = 0, 7o = lo = u, p = p = 6q, 6 = 6 = 0, c = c = 0. 
In other words 

J(^) = 

and /i is a semicircular distributions, while 

J(/I) = 



0, 0, ... 



0, 0, ... 



and /i is a symmetric free Meixner distribution, 
(b) Theorem 4.4 of IIBLS96II is the two-state free Poisson limit theorem. Let (i^at, un) be 

(^~^)^° + ^^^' = ~ f ) + 

Then we have the weak limit 

(55) {uN^iyNf" -^Cfi^p). 

Again, the starting point for computing the explicit limit densities is the observation that 

RNz) = R^^f^iz) 



J{Ji) 



l-z' ^' l-z' 

In this case formulas ( [27] ) and (|46]) give 

A) = 7o = g, /3o = 7o = P, P = P = 5i, 6 = 6 = 1, c = c = 0. 
In other words 

^p, 1 + p, 1 + p ..." 

and /i is a free Poisson distribution, while 

'q, l+p, 1 + p, . . . ■ 
,9, P, P, 

is a free Meixner distribution, 
(c) A more general version of the Poisson limit theorem (which appears to be new) is to take 

for u^v ^ Q. In this case the limit distributions in ([55]) satisfy 



1 — uz 1 — vz 

Thus 

= qv, (3o = pu, 7o = 7o = p^^^ p = 5^, p = 5u, b = v, b = u, c = c = 0. 

In other words 

pu, u + pu, u + pu ... 



Jip) 



pu^, pu^, pu"^. 
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and /i is still a free Poisson distribution, but 



J{J1) 



qv, V + pu, u + pu, u + p-u, 



only has Jacobi parameters independent of n forn > 2. 
(d) Let {A, V9, tp) be a two-state non-commutative probability space, and X a self-adjoint idem- 
potent such that 

ip[X] = q, ij[X]=p 

with < p,q < 1. Thus the distributions fi and /i of X with respect to and ip are both 
Bernoulli distributions, so we can refer to the pair (jl, fi) as a two-state Bernoulli distribution. 
We now note that these distributions (and so their convolution powers, the two-state free 
binomial distributions) are two-state free Meixner distributions. Indeed, 

/i = (1 - g)5o + g^i, = (1 -p)(5o 

It is easy to see that we can write 

p, l-p^ 
Ml-p), 



J(/i) 
and 

J(/I) 



g, l-q 
g(l-g), 



(see the comment about finitely supported measures in Section 2.2). Thus (/i, /i) is a two- 
state free Meixner distribution with 

l3o = q,l3o=P, 7o = g(l-g), 7o = P(l-P), b=l-p-q, b=l-2p, c = c=-p{l-p). 
Consequently, the two-state free binomial distributions {Jit, ^t) = /i)^''* have 
gt, 1 — p — q + pt, 1 — 2p + pt, 1 — 2p + pt, 



-^^^^ \q{l-q% 
and 

pt, 1 — 2p + pt, 1 — 2p + pt, 1 — 2p + pt, 

Mi-P)t, p{i-p)it-i), p{i-p){t-i), 



J(^) = 

fort > 1. 



The next proposition is the analog of Remark[TJd). 

Proposition 8. (jl, ^) is a two-state free Meixner distribution if and only if its two- state free cumu- 
lants satisfy the recursion 



~ m 
C 



(56) Rm+2 (/i, At) = & Rm+l (/i, /i) H y^Jk Rm+2-k (/i, /i) , 

(with 7o 7^ Oj with the initial conditions 

Ri{]i,fi) = /3o, ^2(^1, /i) = 7o, 
anJ free cumulants of fi satisfy the recursion 

m 

(57) r^+2(Ai) = b rm+iifi) H rfc(/i) rm+2-fc(Ai), 

7n — 

k=2 
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with the initial conditions 

n(/i) = /3o, r2(/i) = 7o. 

Here 

(58) 70 > 0, 70 > 0, c + 70 > 0, c + 70 > 0. 

Condition (|56l) is equivalent to 



R^''^'{z) - l3oz _^ ~ - (5oz c R^'{z) - (3qz R^''^'{z) - (3qz 

7, — 7o + 1 . 

z'^ z 'yo z z 

Proof. Suppose (/x, /i) is a two-state free Meixner distribution. In particular, /i is not a point mass. 



so 7o 7^ 0, and conditions ([58]) are satisfied. Since /i is a free Meixner distribution, condition ( [57] ) 
holds, see Remark[Tj!d). The proof of ([56]) is based on formula ([54]). The initial conditions follow 
directly from that formula. Also, 



Rsifi, fi) = 7o6 = & R2{fi, /i), 

R^iJl, /i) = 7o6^ + 7oC = 6 Rsijl, /i) + c 



7o 



For m > 2, if the element {1} is an (outer) singleton of cr, it contributes b, and the remaining classes 
of a form a partition in NCi 2 of m — 1 elements. So the sum over all such partitions is bRm+iiJi, jj)- 
If the element 1 is not a singleton of cr, it belongs to an (outer) class {1, k}, for 2 < k < m. This 
class contributes c. The partition a restricted to the subset {A; + 1, . . . , m} is in NCi,2- cr restricted 
to {2, 3, . . . , /c — 1} also is in NCi 2, but all the classes in this restriction are inner in a, so the 



corresponding products contain only b, c terms. Using equation ( |29j ), it follows that the sum over 
all such partitions is exactly 



7oC 



k=2 



rfc(/i) /?^+2-fc(/Lt,/i) 



7o 



7o 



7o 



y^Jk{lJ')Rm+2-k{fJ',fJ')- 



k=2 



The formula for the generating functions follows. 



Conversely, given a choice of parameters 6, c, /3o, 70, c, /3o, 7o satisfying condition ( 158] ), the re- 
cursions determine the measures {Jl, jj) uniquely, and by the first part of the argument, these are 
precisely two-state free Meixner distributions with this choice of parameters. □ 



6.1. Laha-Lukacs characterization. A classical paper [ILL60II characterizes Meixner distribu- 
tions in terms of certain conditional expectations. In [BB061, the authors obtained a similar charac- 
terization of free Meixner distributions. The following is their result for the two-state free indepen- 
dence. Recall that X, Y are (v9|?/')-free if all their mixed two-state free cumulants are zero, see the 



paper quoted below for the terminology. Note also that if 99 is a tracial state, equation p9\ implies 
that the conditional expectation 

(^[(X - Y)2|§] = C(4I + 26§ + c§2), 

is a quadratic function of S, see Remark [TJc). In two-state free probability theory, typically ip will 
not be tracial, and the conditional expectation with respect to it will not exist. 
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Theorem (Theorem 2.1 in [IBB09II ). Let {A., v?, ip) be a two-state algebraic non-commutative prob- 
ability space, and X, Y two self-adjoint elements in it which are {(p\ilj)-free and have the same 
distributions (with respect to both (f and ip). Furthermore, assume that = 0, v^fX^] = 1. Let 
§ = X + Y and suppose that there are 6, C G M and c > —2 such that 

(59) if[{X - Y) V] = C(/7[(4I + 26S + c%^)W\n = 0, 1, 2 ... . 

Denote by fi§) the distribution ofS in (A, ip, ^ip), and by {p, /i) the corresponding distribution 
of H (and of Y). Then 

(60) 1 + M«W- 2 + e-(2k + c)(l + M«W) 



2 + c - (4^2 + 2bz + c)(l + M/^s(2)) ■ 



Bozejko and Bryc described the corresponding distributions more explicitly in particular cases cor- 
responding to the Gaussian and Poisson regressions (that is, if c = 0). We now provide a complete 
description of the possible and ip distributions of X, Y, § which satisfy such regression relations. 
Recall that if = ip, then the ^-distributions of X, Y, § are free Meixner distributions. 



Proposition 9. In the context of the preceding theorem. 



0, 6+(l + c/2)/3o(Ais), /3i(Ais), . 
2, (1 + c/2)7o(/i§), 71 (/^s), • 

Suppose in addition that /i is a free Meixner distribution with Jacobi parameters ( [T5| ), with 70 > 
and c + 7o > 0. Then provided that c > — 1, 

J^r^^ = /0> + c/^o) + /So, h + /3o, & + /3o, • • A 
\}, c7o + 7o, c + 7o, c + 7o, . . .y ' 

Moreover, in this case {p, /i) is a two-state free Meixner distribution. 



Proof Using equations (12) and ( 60 1 



= 1 - (1 + M^s)"^ 

2 + c - (4^2 + 26z + c)(l + M^s(2)) 



1 



2 + c- (26z + c)(l + M/^s(2)) 



2 + c- (26z + c)(l + M/^s(2)) 

4^2 

26^ + c- (2 + c) (1 + M/^s)"^ 



2bz + c- (2 + c)(l -?7'^s) 

4^2 

~ -2 + 26;z + (2 + c)r]^s 

l-bz-{l + c/2)r7^s' 
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Comparing with the continued fraction expansion ( [14] ), we see that in terms of the Jacobi parameters 

of /i§, 

'0, 6+(l + c/2)/3oM, 
2, (1 + c/2)7o(/i§), 7i(/ig 



Now suppose that X has, with respect to ip, a free Meixner distribution with Jacobi parameters ( [15] ), 
which in particular means 7o > and c + 70 > 0. Then by Theorem [T] 

2/3o, 6 + 2/3o, 6 + 2/3o, • 
270, c + 270, c + 270, . 



0, (6 + c/3o) + 2/3o, b + 2Po, 6 + 2/3o, 

2, C70 + 270, c + 270, c + 270, 

0, {b + c/3o) + l3ot, b + Pot, b + (3ot, 

t, c7o + 7ot, c + 7ot, c + 'jot, 



So 

This is the t = 2 case of 

with b = b + c/3o and c = C70. By setting t = 1 instead, we get 

=1^0' + c/3o) + Po, b + (3o, b + Po, • • A 
V^, c7o + 7o, c + 7o, c + 7o, . . ./ 

This defines a positive measure provided that c > — 1. Combining this with 

J(n) =1^^°' ^ + /^o, b + /3o, 
V^o, c + 7o, c + 7o, 

we see that (/I, /i) is a two-state free Meixner distribution. □ 

6.2. Free quadratic harnesses. In a series of papers starting with fBWOS], Bryc and Wesolowski 
(along with Matysiak and Szablowski) have investigated quadratic harnesses. These are square- 
integrable processes {Xt)t>o, with normalization E,[Xt] = 0, E[X(Xs] = min(t, s), such that 
E[Xt I J^5 ^j] is a linear function of X^, X„ and Var[Xt| J-'^^u] is a quadratic function of Xg, X^. Here 
Fs,u is the two-sided a-field generated by {Xy. : r G [0, s] U [n, 00)}. Then 

(61) nxt\^sA = —X, + — x„ 

u — s u — s 
and under certain technical assumptions (see [IBMW07II '). 



u-t){t-s) / , {uXg-sX^f , 



\2 



VarfXjlJ',,^] = — — — 1 + a — + r 

""(1 + C'""^) + T — 7s \ [U — Sy [U — S)"^ 

X„-X, (X„ - X,)(mXs - sX„) 

+ ^ + ^ 1-7 7 ^ 

u — s u — s (m — sj^ 

The authors proved the existence of such processes for a large range of parameters a, r, i], 9, 7, in 
particular connecting the analysis to the Askey-Wilson measures in HBWIOH (the standard Askey- 
Wilson parameter is g = 7 + ar). One reason for the interest in this analysis comes from numerous 
particular cases. 

(a) If 7 = 1 and a = i] = 0, the processes automatically have classically independent incre- 
ments, and each Xt has a Meixner distribution, see [|Wes93ll . 
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(b) For 7 = 0" = 7/ = 0, the processes are classical versions of processes with free independent 
increments, and have free Meixner distributions. 

(c) For a = T] = and —1 <7 = g< l,the corresponding orthogonal martingale polynomials 
have Jacobi parameters 

" /3n{t) = e[n], 
-fn{t) = [n + l]g{t + T[nl) 

where [n]q := 1 + g + . . . + is the g-integer. If r = 0, the process is a (classical version 
of a) g-Poisson process from HAnsOlH . The case where in addition, 9 = was considered 
even earlier in [BryOl | and corresponds to the g-Brownian motion [IBKS97 1. The challenge 
of interpreting the general processes with a = ?7 = as "processes with g-independent 
increments" remains open. 

(d) Finally, for 7 = cr = r = 0, the free bi-Poisson processes from I1BW07II are shown, in 
Section 4 of that paper, to have increments freely independent with respect to a pair of 
states. 

We will now extend the last result above. Proposition 4.3 of [IBMW07II states that for 

g = 7 + (jr = 0, 

there exist orthogonal martingale polynomials for the process. They satisfy recursion relations 

Po{x,t) = 1, 

xPo{x,t) = Piix,t), 

xPi{x, t) = (1 + (rt)P2{x, t) + {ut + v)Pi{x, t) + tPo(a;, t), 

,^ / X /, X / X f u + av V + Tu\ , 1 + uv , , 

xP^ix, t) = {l + at)P3{x, t) + 1 + P2{x, t) + (t + r)Pi(x, t), 

\i- — (7T i — err J i — ar 

^ , X /, x-r, / X f u + av V + Tu\ ^ , , \ + uv , ,^ , , 

xPn{x,t) = (1 + at)Pn+i{x,t) + 1 + P„(x,t) + -{t + r)P„_i(x,t) 

\ 1 — err 1 — err / 1 — err r 



for n > 3, where 

1] + a6 Tf] + 6 



u 



1 — ar 1 — ar 

and as long as 

1 + Mt; > 0, < err < 1. 

Note that the coefficients in this recursion are linear in t, so the corresponding tridiagonal matrix 
is of the form in equation ([T]). Moreover the coefficients are constant for n > 2, so this class is 
very close to the families considered in this paper. However, the corresponding polynomials are 
not monic. The Jacobi parameters for the monic orthogonal polynomials for this process (which 
are not martingale polynomials) are quadratic in t (see Corollary |5]). Therefore they do not form a 
semigroup with respect to any of the convolutions considered in this paper, unless er = 0. 

Remark 6. It is a fundamental observation of Bryc et al. that if a process {Xt) satisfies properties 
( [6T] ) and (|62]), so does the process Yt = tXi/t, as long as parameters a r and t] -ir^ 6 axe 



interchanged. In particular, the class of free quadratic harnesses is closed under such a time-reversal 
operation. On the other hand, it is easy to see that the class of families {]lt} which may arise in 
Theorem |6] is not closed under this operation. In fact, the largest sub-family of this class which is 
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closed in this way corresponds to b = b, c = c = 0, which is precisely (up to re-scaling) the class 
of free bi-Poisson processes. 

Proposition 10. Let q = 0, a = 0, r > 0, rj 0, and 1 + ri{Tri + 9) > 0. Denoting by Jit the 
distribution ofXt, there exist {iit\ such that the pairs {{pt, l^t)} form a two-state free convolution 
semigroup. Also in this case, pis a free Poisson distribution. 



Proof. Since a = 0, we have u = r], v = rr] + 9. Thus the recursion above gives 
Identifying the coefficients in the recursions above with parameters in our Theorem [6] gives 



0, Tr] + 9 + T]t, 2Tr] + 9 + r]t, 2Tri + 9 + rjt, 

t, (l + r]{rr] + 9)){t + T), {I + r]{rr] + 9)){t + r), {1 + r]{Tr] + 9)){t + r), 



/3o = 0, Po = V, b = Tri + 9, b = 2Tr] + 9 

and 

7o = 1, 7o = 1 + ?7(r?7 + 61), c = c = t{1 + 7]{Tr] + 9)). 
Thus taking iit to be the free Meixner distributions with 

w ^ _ / r/t, 2Tri + 9 + rjt, 2x1] + 9 + rjt, 

'^^^'> ~ \{l + r]{TT^ + 9))t, (l + r/(rr/ + ^))(t + r), {I + r]{TT^ + 9)){t + t) 

the pairs {{Jit, Pt)} iom\ a two-state free convolution semigroup. Also, 

TT] + 9, 2t7] + 9, 2r?7 + 9, 



' r(l + r7(rr7 + ^)), r(l + //(rr^ + ^)), t{1 + T]{r7] + 9)), 

and p is a free Poisson distribution. □ 

Remark 7. Setting r = 0, 7^ corresponds to the free bi-Poisson process with 

/ r^t, 9 + r,t, 9 + r]t, . . .\ 

■^^^'> \{1 + Tl9)t, {l+r]9)t, {1+Ti9)t, ...)' 

a free Poisson distribution, J) = 60, and 

7(71 \-f^^ ^ + + rit, 9 + rit, ... 

a free Meixner distribution. Additionally setting 9 = gives ^t a (non-centered) semicircular 
distribution and Jit = /i™o ^ free Poisson distribution. 



On the other hand, restriction to t] = gives 



l^t = l^t = l^e,T 



equal free Meixner distributions, and p a semicircular distribution. 
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